We propose a simple model of classical open system consisting of two subsystems all stationary states of which correspond to phase synchronization between the subsystems. The model is generalized to quantum systems in a finite-dimensional Hilbert space. The analysis of the simplest two qubit version of the quantum model shows that all its stationary states are nonseparable.
Entanglement of quantum states is a notable resource of quantum information science and plays a key role in it's advanced applications such as superdense coding, quantum teleportation and quantum cryptography. [1] . The important question of whether there is any analogue of the entanglement in classical systems remains open. This problem has been considered by different approaches [2] [3] [4] , but all of them focused on closed Hamiltonian systems only and tried to find a connection between the entanglement of ground state of the system and peculiarities in its phase portrait under the variation of parameters.
The goal of the present paper is to establish a relationship between the entanglement of stationary states of an open quantum system and such well-known classical nonlinear phenomenon as synchronization. As a first step on this way, we consider a simple model of phase synchronization of two subsystems which can be generalized to a quantum case. The analysis of the simplest two qubit version of the model leads to the main result of the paper:
All stationary states of the system turns out to be entangled. Although this result is obtained only for a particular model and has not been generally proved, it suggests a new promising perspective for better understanding of mixed entangled states properties.
Consider a simple dynamical model of open system with three variables l x , l y , and l z whose time evolution is governed by the following coupled equations
This system may be considered as the model for phase synchronization of two subsystems for the following reasons. First, remind that synchronization in nonlinear dynamics is a phenomenon of rhythms adjustment of oscillating systems due to weak interaction between them [5] . Here we consider only the simplest case of the phase synchronization when the phase difference of two subsystems vanishes with time. Using phases of subsystems ϕ 1 , ϕ 2 and their amplitudes r 1 , r 2 as dynamical variables, we can write the complete system of equations in the form: dϕ i /dt = f i (ϕ 1 , ϕ 2 , r 1 , r 2 ) and dr i /dt = g i (ϕ 1 , ϕ 2 , r 1 , r 2 ), where i = 1, 2 and f i and g i are nonlinear functions providing the synchronization. Then, this system of four equations can be rewritten as a system of two equations by introducing complex variables z 1 = r 1 exp iϕ 1 and z 2 = r 2 exp iϕ 2 . Finally, with new variables l x , l y , l z connected to z 1 , z 2 by the relations
we eventually arrive at a system of nonlinear differential equations for l x , l y , and l z . Note that the transformation defined by Eq. (2) is a classic analogue of the Schwinger transformation in quantum mechanics which used for the description of two Bose oscillators in terms of angular momentum components. Since l y can be expressed as l y = r 1 r 2 sin(ϕ 2 − ϕ 1 ) we assume that vanishing of l y is the condition of the phase synchronization between the subsystems.
Returning to system (1), we note that it has two integrals of motion: proper way to quantize Eq. (1) (at least in semiclassical approximation) has been proposed by the author in Ref. [6] . In the present case this method of quantization can be formulated as follows. First, we have to represent the classic equations for components l x , l y , l z in the form allowing quantization:
where H 0 is real and R and R * are complex functions of l x , l y , l z (star means complex conjugation). Then, following Ref. [6] , a self-consistent quantum version of Eq. (3) can be obtained if one writes down the Lindblad equation for density matrix of the system: 
whereR =l z − il y .
It should be noted that using the evolution equation for the density matrix, given Eq. (5),
we can write equations of motion for the average value A of an arbitrary observable A. For example, if one takes l x as A, the result is
We see that in semiclassical approximation Eq. (6) coincides with the first from Eqs.
(1) as it should be. Our next task is to find stationary solutions of Eq. (5) and to evaluate their entanglement. The simplest situation in which this can be done exactly is a two qubit realization of Eq. (4). In this case operators l x , l y , l z have the following rep-
where σ x , σ y , σ z are ordinary Pauli matrices. Operatorl 
With the help of Eq. (7) we can find that equationR |Ψ = 0 has two linearly independent solutions:
Therefore in the two qubit case the general stationary solution of Eq. (5) can be written aŝ
Coefficients a, b, and c in Eq. (8) must satisfy two conditions: a + b = 1 and ab ≥ c 2 which correspond to normalization and positivity of matrixρ st . Using Eq. (8) we can write the desired expression forρ st as followŝ
It is easy to check thatρ st has two null eigenvalues and two positive ones, λ 1 and λ 2 , which satisfy to the following equation: λ 2 − λ + ab − c 2 = 0. Let us find the values of coefficients a, b, c, for which density matrixρ st (a, b, c) corresponds to entangled states of two qubits. A simple way to accomplish this is to invoke the Peres criterium [7] . As well known [8] , in the two qubit case this criterium is a necessary and sufficient condition of the mixed states separability. According to it density matrixρ is separable if matrixρ P T obtained fromρ by operation of partial transposition (which corresponds to permutations of indices of one of the subsystems only) is nonnegative. Using Eq. (9) forρ st we can write (ρ st ) P T as
It is easy to check that (ρ st ) P T has eigenvector
with eigenvalue λ 1 = b/2. The remaining eigenvalues are found from characteristic equation
Computing this determinant explicitly we get the following cubic equation for λ 1 , λ 2 , and λ 3
We see that two roots of Eq. (12) 
It should be noted that system (1) can be represented as:
where A l = ε lmn ∂S/∂l m ∂H/∂l n and ε lmn is the antisymmetric tensor of Levi-Civita.
As shown by the author [9] , two conditions (13) (in the general case of n variables x 1 , . . . , x n describing the evolution of the system) define a class of nonhamiltonian systems called quasithermodynamic with interesting dynamical and statistical properties [9] . But the possibility of quantum quasithermodynamic systems existence was not discussed in Ref. [9] . The analysis presented above shows, in particular, that a quantum analogue of system (1) exists and it is a quasithermodynamical system as well. One can see it directly from the fact that average values ofĤ =l 2 /2 andŜ = 2l x obviously satisfy to conditions (13). Sure, more detail analysis of quasithermodynamic quantum systems is required, which is the subject of future work.
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